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Abstract 

We present a spectral triple associated to K-Minkowski space in two dimensions. Start- 
ing from an algebra naturally associated with K-Minkowski space, a Hilbert space is built 
using a weight which is invariant under the K-Poincare algebra. This weight satisfies the 
KMS condition and is related to the modular properties of this geometry. This forces us 
to use two ingredients which have a modular flavor: the first is a twisted commutator 
to obtain the boundedness of commutators of the Dirac operator with an element of the 
algebra, the second is the use of a weight to measure the growth of the resolvent of the 
Dirac operator. We show that there is a natural choice for the Dirac operator and the 
automorphism defining the twisted commutator. We compute the spectral dimension 
associated to this spectral triple and find that is equal to the classical dimension. Finally 
we briefly discuss the introduction of a real structure. 
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1 Introduction 



In 1991 Lukierski, Ruegg, Nowicki & Tolstoi [TJ [2] introduced a Hopf algebraic deformation of 
the Poincare algebra, which we call K-Poincare, with a deformation parameter having units of 
mass and denoted by k. A few years later Majid and Ruegg [3 J clarified the bicrossproduct 
structure of K-Poincare: it consists of a semidirect product of the classical Lorentz algebra, 
which acts in a deformed way on the translation subalgebra, and a backreaction of the momen- 
tum sector on the Lorentz transformations. This allowed to introduce a homogeneous space 
for the K-deformed symmetry, as the quotient Hopf algebra of the K-Poincare group with the 
Lorentz group. The result is a non-commutative Hopf algebra, which can be interpreted as 
the algebra of functions over a non- commutative spacetime, which we call ^-Minkowski. 

It is natural to ask whether ^-Minkowski is a non-commutative geometry in the sense of 
Alain Connes [4j. Despite some attempts [5j [6j [7] , it is fair to say that a spectral triple that 
encodes the geometry of this space in a satisfactory way has not yet been constructed. In 
particular, in none of the spectral triples proposed so far the spectral dimension coincides with 
the classical dimension, which is not very pleasant from the point of view of the classical limit 
of the model. In this paper we provide another attempt at the construction of such a spectral 
triple. This construction will make full use of some tools that have been developed to study 
spaces with modular properties. They are refinements of the notion of spectral triple given by 
Connes, which in its most minimalistic form is given by the following. 

Definition. A compact spectral triple (A, H, T>) is the data of a unital *-algebra A, a faithful 
^representation tt on a Hilbert space and a self-adjoint operator T> such that 

• [D, 7r(a)] extends to a bounded operator for all a £ A. 

• (T> — fi)^ 1 is compact for all \x ^ spT>. 

Here spP is the spectrum of V>. One needs to modify this definition to treat non-compact cases, 
which correspond to non-unital algebras. We refer to [8J for a discussion of the issues arising in 
this case and the necessary modifications. We just point out that one requires 7r(a)(X> — /i)" 1 
to be compact for all a G A and \i ^ spX?. 

As a starting point for this construction we consider the *-algebra introduced in [9], which 
we denote by A, built using the commutation relations associated to ^-Minkowski space, and 
on which the K-Poincare algebra acts in a simple way. It was also shown that the Lebesgue 
integral on R 2 , which we denote by u, has the right invariance properties under the action of 
the /t-Poincare algebra. It provides us with the natural ingredient for the construction of a 
Hilbert space associated to this geometry. We show that, using the GNS construction for u, we 
obtain a Hilbert space which is unitarily equivalent to L 2 (R 2 ) and determine the corresponding 
unitary operator. Moreover it turns out that a; is a KMS weight for the algebra A. 

The next step is the introduction of a Dirac operator T>. There is an immediate difficulty 
with the condition of boundedness of the commutator of P, which is related to the structure 
of the coproduct of the re-Poincare algebra. To deal with this problem we will need to use the 
framework of twisted spectral triples [10| . This notion was introduced to treat examples like 
perturbed spectral triples and the transverse geometry of codimension one foliations. It is also 
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remarked that such a notion could be useful for spectral triples associated to quantum groups. 
The novel ingredient of this framework is the twisted commutator, defined by [D, n(a)] a = 
T>TT{a) — 7r(a(a))T>. Here a is an automorphism of the the algebra A. 

Definition. A compact twisted spectral triple (.4, H, T>) is the data of a unital *-algebra A 
with an automorphism a, a faithful ^-representation it on a Hilbert space H, and a self-adjoint 
operator T> such that 

• [D, 7r(a)] CT extends to a bounded operator for all a G A. 

• (T> — is compact for all \x ^ spl>. 

We will show that, under some assumptions that will be discussed later on, there is a unique 
Dirac operator T> and a unique automorphism a such that the twisted commutator is bounded. 

Next we consider the finite summability of this spectral triple, which is related to the notion 
of spectral dimension. Finitely summability implies the compactness condition for the Dirac 
operator. We show that we do not have finite summability, according to the usual definition 
for spectral triples. This problem is known to appear for some geometries that involve KMS 
states. To deal with this and similarly related problems, the framework of modular spectral 
triples was introduced, see [TT| [T2| [T3| [14"] and the related section for its definition. We show 
that, using this notion together with some minor modifications necessary to deal with the 
non-compact case, our spectral triple is finitely summable and its spectral dimension coincides 
with the classical dimension. Finally we have discussed the introduction of a real structure 
and shown how the relevant properties are modified. 

2 The *-algebra 

The aim of this section is to introduce a *-algebra, which provides the topological part for 
a spectral triple describing the geometry of ^-Minkowski space. We start by reviewing some 
basic facts about the K-Poincare algebra V K and ^-Minkowski space. We recall some notions 
related to the implementation of Hopf algebra symmetries on a Hilbert space. Finally we 
describe the *-algebra A, which was introduced in [3], and recall some of its properties which 
are relevant for the construction of a spectral triple. 

2.1 The K-Poincare and ^-Minkowski algebras 

In this paragraph we summarize the algebraic properties of the K-Poincare algebra V K in two 
dimensions. It is the Hopf algebra generated by the elements Pq, P±, N satisfying 

[P^,P u ] = 0, [N,P )=P 1 , 
{N,P 1 ] = ^l-e- 2P ^)-±-Pf. 

The coproduct A : V K — > V K <8> V K is defined by the relations 

AP = P ® 1 + 1 (g) P , AP 1 = P 1 ®1 + e- PalK ® Pi , 
AN = N(g)l + e~ Po/K g> N . 
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The counit e : V K — > R and antipode S : V K — > V K are defined by 
e(P„) = 0, e(N) = 0, 

S(P ) = -P , S(Pi) = -e Po/K P l , S(N) = -e Po/K N . 

We are interested in the translation subalgebra generated by P and P 1 . To avoid issues 
of convergence in the algebra we consider, instead of the exponential e _p °/ K , the invertible 
element £. We call the subalgebra generated by P M and £ the extended momentum algebra 
and denote it by T K - The relevant algebraic relations are given by 

[P„P u ] = 0, [P„£]=0, 

AP = P <g> 1 + 1 <g> P , APi = Pi <g> 1 + £ <g> Pi , A£ = £ ® £ , 
e(P M ) = 0, e(£) = l, 

5(P ) = -P , 5(A) = -£- 1 P 1 , S(£) = £- 1 . 

It can be made into a Hopf *-algebra by defining the involution on the generators as 
P* = P M and £* = £. Throughout this paper we will use the parameter A := k -1 , instead of k, 
hopefully not causing confusion to the readers. The motivation comes from the fact that the 
Poincare algebra is obtained in the "classical limit" A — > 0, in a similar fashion to the classical 
limit h — > of quantum mechanics. This makes more transparent checking that some formulae 
reduce, in this limit, to their respective undeformed counterparts. 

The ^-Minkowski space is defined as the dual Hopf algebra M. K to the translation subal- 
gebra. Here we write this duality in terms of the extended momentum algebra. We introduce 
the pairing (•,•): T K x M. K — >■ R, which on the generators is defined as 

(P^,X U ) = 5^ u , (£,X U ) = —\5o u . 

The second relation comes from (e _AP °,X M ). We have choosen an Euclidean pairing since 
we want to deal with the Euclidean version of /t-Minkowski space. The pairing is extended to 
arbitrary elements using the coproduct 

(01,6162) = (aS 1) ,6i)(aS 2) ,6 2 ) , 
(aia 2 ,6i) = (a l ,b ( l ) }(a 2 ,bf ) } . 

Here in the left slot we have a±, a 2 G T K , in the right slot 61, 62 £ M. K and the superscript 
denotes the Sweedler notation for the coproduct 

i 

From the pairing we deduce that Ai K is non-commutative, since T K is not cocommutative, 
that is the coproduct in T K is not trivial. On the other hand, since T K is commutative we have 
that M. K is cocommutative. The algebraic relations for the /t-Minkowski Hopf algebra Ai K , 
that one obtains via the pairing that we have defined above, are given by 

[X ,X 1 ] = -\X 1 , AX M = X M ® 1 + 1 ®X M . 
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We want to make some remarks about the Euclidean signature. Strictly speaking we should 
refer to the Euclidean counterpart of the K-Poincare algebra, which is known as the quantum 
Euclidean group. Since we will not make explicit use of the boost generator N, we point out 
that most of the relations considered above do not depend on the signature. Henceforth we 
will sometime be sloppy and make reference to the K-Poincare algebra, instead of the quantum 
Euclidean group, while making some remarks when appropriate. 

2.2 Implementation of Hopf symmetries 

In this section we recall some notions related to the implementation of Hopf algebra symmetries 
on a Hilbert space |16| . This is relevant to us, since the extended momentum algebra T K1 on 
which our construction is based on, is a Hopf *-algebra. In the following H denotes a Hopf 
algebra. 

Definition 1. An H-module is a pair (V,(p), where V is a linear space and <p is a complex 
linear representation of H on V. The representation will be also denoted by h>v, where h G H 
and v G V, instead of (p(h)v. 

In particular we are interested in the case in which H acts on an algebra A. The following 
definitions are compatibility conditions between the two structures. 

Definition 2. An algebra A is a left H-module algebra if A is a left ff-module and the 
representation respects the algebra structure of A, that is h > (ab) = (h(i) > a)(h^) > b) for all 
h G H and a, b G A. 

Definition 3. A *-algebra A is left H-module *-algebra if A is a left if-module algebra and 
moreover the action is compatible with the star structure, that is (h> a)* = S(h)* > a* for all 
h G H and a £ A. 

We are interested in a representation of H on a Hilbert space %. This representation will 
be unbounded in general, so we will have to specify the appropriate domains. 

Definition 4. Let Hq be a dense linear subspace of a Hilbert space T-L with inner product 
(-, ■). An unbounded * -representation of H on Ho is a homomorphism p : H — )■ End(Ho) such 
that (p(h)4j,4>) = (i/),p(h*)<fi) for all tp, <f) G Uq and h G H. 

Now suppose that we have a representation it of a *-algebra A on %. Moreover suppose 
that A is a left iJ-module *-algebra, which is the case of interest for a spectral triple with 
symmetries. We want the representation 7r to be compatible with the structure of the Hopf 
algebra H. This leads to the notion of equivariance, given in the next definition. 

Definition 5. Suppose A is a left if-module *-algebra. A ^-representation ir of A on "H is 
called H-equivariant (or also covariant) if there exists an unbounded ^-representation p of H 
on ~H such that 

p(h)ir(a)ij = 7r(/i(i) > a)p(h(2))i> , (2.1) 
for all h G H, a G A and xj) G Ho- 
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Finally we give a definition of equivariance for operators in H. 

Definition 6. A linear operator T defined on is said to be equivariant if it commutes with 
p(h), that is Tp(h)ip = p(h)Tijj for all h G H and ip G "Ho- 

2.3 Definition of the *-algebra A 

In this section we describe the *-algebra A introduced in [9|, see also [15J. Here we summarize 
some of the results and fix the notation for the other sections. In two dimensions the underlying 
algebra of K-Minkowski is the enveloping algebra of the Lie algebra with generators it and ix 
fullfilling [t, x] = iXx. It has a faithful representation ip given by 

m = ( ~ A o ) > rt x ) = ( o J 

The corresponding simply connected Lie group G consists of 2 x 2 matrices of the form 

S(a, b) = ( 6 \ ) , (2.2) 
which are obtained by exponentiating ip as follows 

, % / „-Aa l-e~ Aa u 



1 

The group operations written in the (a, b) coordinates are given by 

S(ai, b 1 )S(a 2 , b 2 ) = S( ai + 02, h + e - Xai b 2 ) , S(a, by 1 = S(-a, -e Xa b) . 

We have that the Lebesgue measure dadb is right invariant whereas the measure e Xa dadb 
is left invariant on G. In particular G is not unimodular. We denote by A c the convolution 
algebra of G with respect to the right invariant measure. We identify functions on G with func- 
tions on M 2 by the parametrization (12.21) . Then A c is an involutive Banach algebra consisting 
of integrable functions on M 2 with product * and involution * given by 

(f*g){a, b) = j f(a -a',b- e - x{a ~ a,) b')g(a', b')da'db' , 

f(a,b) = e Xa J(-a,-e Xa b) . 

Any unitary representation ir u of G (which we also assume to be strongly continuous in the 
following) gives rise to a representation tt c of A c , obtained by setting 



7r c (/) = J f(a,b)ir u (S(a,b))dadb . 

It is indeed a ^-representation, since it obeys 

Tc(/*0) = n c (f)ir c (g) , 7r c (/ J ) = Tt c (fy 



7 



for any f,g G A c , where here f denotes the adjoint. 

Following the same procedure as in the Weyl quantization we define the map W Wc , as- 
sociated with the representation tt c , by W nc (f) := TT c (J-'f). This definition is valid for any 
/ G L 1 (M 2 ) H J r ^ 1 (L 1 (M 2 )), where J 7 denotes the Fourier transform on M. 2 . It then follows that 

where the product * and the involution * are defined by 

f*g = T-\Tf*Fg) , /* = ^{Fff . (2.3) 

We want to remark here that, although W 1Xc depends on the choice of tt c (and therefore on 
the choice of the unitary representation tt u of G), the product * and the involution * do not 
depend on such a choice. This is the same strategy one employs to define the Moyal product 
in the case of quantum mechanics. Indeed as in that case one needs to exercise care about the 
domain of definition of the operations * and *, so in the following we will restrict ourselves to 
a subset of Schwartz functions given by the following definition. 

Definition 7. Denote by S c the space of Schwartz functions on M? with compact support in 
the first variable, that is for / G S c we have supp(/) C K x R for some compact K C R. We 
define A = J-(S C ), where J 7 is the Fourier transform on M 2 . 

Proposition 8. A is a *-algebra with product and involution defined as 

(/**)(*)= / e i ^(^ f)(p ,x 1 )g(x ,e^x 1 )^ , 

r d ^ 

f*(x) = J e~(J- /)( Po , e -^ Xi) ^ . 

Here J-q denotes the Fourier transform of / in the first variable, defined as 

0F o /)(p o , Xl ) = j e -^f(y , Xl )dy . 

The compact support of the Fourier transform in the first variable ensures that these operations 
are well-defined. Notice that for A = they reduce respectively to the pointwise product 
(f*g)(x) = f(x)g(x) and complex conjugation f*(x) = f(x), giving the correct classical limit 
for the model. The definition of A implies that any / G A is a Schwartz function, but does 
not have compact support in the first variable. By the Paley- Wiener theorem the compact 
support of / in the first variable implies analiticity of / in the first variable. 

The algebra A and the extended momentum algebra T K are naturally related. The main 
result that we need for our construction is the following [9, Theorem 4.2] 

Theorem 9. The algebra A is a left T K -module * -algebra with respect to the following repre- 
sentation of the extended momentum algebra 

(P M >/)(a:) = -i(df,f)(x) , (8>f)(x) = f(x + i\,xi) . 

We recall that this means that, for any f,g G A and h G T R , we have 

h>(f*g) = > /) * (h (2) >g), (h> fy = S(hY > f* ■ 
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3 The Hilbert space 



Having at our disposal the *-algebra A the next step is to introduce a Hilbert space, in which 
we have a faithful ^representation ir of A. In this section we motivate a choice for a weight 
u and apply the GNS construction to obtain a Hilbert space %. We show that it is unitarily 
equivalent to L 2 (M 2 ) and determine the corresponding unitary operator U. Then we introduce 
an unbounded ^-representation p of T K and prove that p{P ll ) and p{£ ) can be extended to 
self-adjoint operators on %. We show that the weight u satisfies the KMS condition with 
respect to a certain action a, and determine the corresponding modular operator A. Finally 
we prove some useful formulae that will be used extensively in the rest of the paper. 

3.1 Definition of the Hilbert space Ti 

We can introduce a Hilbert space, associated with the *-algebra A, via the GNS construction. 
The main ingredient is the choice of a weight u on A (recall that our algebra is not unital). 
The inner product is defined in terms of u> by setting (/, g) := u(f* * g) for f,g G A, and the 
Hilbert space "H is defined as the completion of the algebra A in the norm induced by the inner 
product, possibly after taking the quotient by the left ideal I := {/ G A : uj(f* * /) = 0}. 
We make the same choice for the weight as in the commutative case 



where we use the Lebesgue integral. This is motivated by simplicity, but more importantly by 
the invariance of u under the action of the K-Poincare Hopf algebra V K [S]. 

Proposition 10. The weight u is invariant under the action ofV K , that is for any f G A and 

for any h EV K we have u(h > /) = e(h)u(f). 

We recall two additional results obtained in |9J. 

Proposition 11. For any f,g G A the weight u satisfies the twisted trace property co(f-kg) = 
cu((£ E> g)-k f). Moreover we have 



The twisted trace property will be later rewritten in the language of KMS weights. Now 
we construct the Hilbert space using the weight u. 

Proposition 12. The completion of A under the norm \\ ■ \\, denoted by H, is a Hilbert space. 
Moreover it is unitarily equivalent to L 2 (M. 2 ), where the unitary operator is given by 
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Proof. Setting /—>•/* and g — > g* in proposition OTTT) we obtain 




In particular if we set / = g we have 



u/f = (/,/) = / \r(x)\ 2 d 2 



x > . 



(3.1) 



We need to take the quotient by the left ideal I = {/ G A : oj(f* * /) = 0}. These are 
functions that are zero almost everywhere with respect to the Lebesgue measure in R 2 , for 
example a function that depends only on one of the two variables. After this quotient we have 
that || • || is positive-definite, since /* = implies / = 0. Therefore we can complete A with 
respect to the norm || ■ || and obtain a Hilbert space, which we denote by 

Now we prove that it is unitarily equivalent to L 2 (R 2 ) and determine the corresponding 
unitary operator U : H — > L 2 (R 2 ). Define Jip := ?/>*, where * is the involution in A, and write 
J := J C U, where J c is complex conjugation. From the formula 02. 4p we obtain 



From equation 03. ip it follows that U is an isometry from A C H to L 2 (R 2 ). Indeed 



Since A is a dense subset of H it follows that U can be extended by continuity to an isometry 
from U to L 2 (R 2 ). We still need to prove that U is surjective. 

We have that U is invertible in A since J = J C U is invertible in A, therefore the image of 
U contains A. Notice that A is also a dense subset of L 2 (IR 2 ). Then, since U is continuous, 
it contains the closure of A, which is indeed L 2 (R 2 ) because of the density of A. So we have 
shown that U is isometric and surjective, therefore unitary. □ 

Corollary 13. The involution, denoted here by J , is an antiunitary operator from 1-i to L 2 (R 2 ). 

Proof. It follows immediately from the previous proposition. Indeed we have that U is unitary 
from % to L 2 (R 2 ) and complex conjugation is an antiunitary operator in L 2 (R 2 ), so since 
J = JJJ it follows that it is an antiunitary operator from H to L 2 (R 2 ). □ 

For the construction of a spectral triple we need the following ingredient: for any / 6 A 
the ^-representation 7r(/) in TL, given by the multiplication Tr(f)i[> = f * if> for ip G "H, should 
be a bounded operator. This follows from the next proposition. 

Proposition 14. For any f G A the operator 7r(/) is bounded. 




\\f\\ 2 = f \(Jf)(x)\ 2 d 2 x = J \(Uf)(x)\ 2 d 2 x=\\Uf\\l 



L 2 (R 2 ) • 
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Proof. Recall that the *-algebra A was defined by considering the Fourier transform of func- 
tions belonging to A c , which was the convolution algebra for the Lie group G associated to 
^-Minkowski. Any convolution algebra can be completed to a C*-algebra, either the group 
C*-algebra C*(G) or the reduced one C*(G). Actually since G is amenable these two algebras 
coincide. Denote by || ■ \\o* the C*-norm associated to the convolution algebra A c . Then we 
can define a C*-norm on A by setting ||/|| := H^/Hc* for any / G A. The verification that 
|| ■ || is a C*-norm is very simple, indeed using the definitions given in (12. 3p we have 

\\f*r\\ = \mf*n\\c* = \\Ffm*\\c* 
= ii7y*(7Yfiio = mill* = ii/ir • 

In the second line we have used the C*-property of the norm || • ||c*. Then, since the Hilbert 
space % was constructed using the GNS construction for the *-algebra A, it follows that the 
operator norm of 7r(/) is bounded by ||/||. □ 



3.2 The representation of T K 

Now we want to extend the representation of the extended momentum algebra T K to the Hilbert 
space H. We recall that by proposition §§§ we have that A is a left 7^-module *-algebra, where 
the representation > of T K on A is defined by the formulae 

(P M >/)(x) = -i(0 M /)(a;) , (£>f)(x) = f(x + i\,x 1 ) . (3.2) 

We can define an unbounded representation of T K on A C % by setting p(h)ip := h> ip 
for every h G 7k and ip G A. Indeed A is a dense subspace of H which is invariant under 
the action of T K , therefore for every h G Tk the operator p(h) is densely defined. Moreover we 
automatically get the equivariance property for the representation tt of A on H: indeed, since 
7r acts by left multiplication, the equivariance property of 7r is just a restatement of the fact 
that A is a left 7^-module algebra. 

We still need to prove that p is an unbounded ^-representation, that is the equality 
(p(h)v,w) = (v,p(h*)w) holds for all v,w £ A and h G T K . In the following we prove that the 
operators p{P^) can be extended to self-adjoint operators. 

Lemma 15. We have that U p(Po)lJ- 1 = p(P ) and UpiP^U' 1 = p{E)p{P 1 ). 

Proof. Recall that, since A is a left 7^-module *-algebra, we have the compatibility property 
with the involution given by (ht>f)* = S(h)*>f*. Here S is the antipode map and the equality 
is valid for any h G T K and / G A. In particular we have the equality (P M > /*)* = ^(P^)* > /. 
Then, using the Hopf algebraic rules of T K , one immediately shows that S(Pq)* = —Pq and 
S(Pi)* = -E- X P X . Now for any ip G A C U we have 

j P (p,)j^ = (p, > rr = s(p,y > v . 

As a consequence we obtain the relations Jp(P )J = —p(P ) and Jp(P\)J = —p(£~ 1 )p(Pi). 
Using the definition of the representation > we obtain the following explicit relations 

{Jp{P )Ji/>)(x)=i(d i/)){x) , (Jp(P 1 )JiP)(x)=i(d 1 i>)(x -i\,x 1 ) . 
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Now recall that we have the relations J = J C U and J = U J c , where J c stands for complex 
conjugation. We can use the relations to easily compute the following 

{Up{P x )U- x il)){x) = {Jp(P x )f$){x) = -z(^)(x + zA,x 1 ) . 

Notice that this can be rewritten as U p{Pi)U^ 1 = p(£)p(P\). In a similar way one shows 
that the identity U p{Po)U^ 1 = p(Po) holds. The lemma is proven. □ 

Proposition 16. The operators p(Pp) can be extended to self-adjoint operators in ~H. 

Proof. Notice that, since U is a unitary operator from % to L 2 (IR 2 ), we can consider U p{Pfj)U 
as unbounded operators in L 2 (M 2 ). Consider the operators P M := —id^ in L 2 (IR 2 ) with domain 
A. They can be extended to self-adjoint operators in L 2 (IR 2 ) and we denote their extensions 
with the same symbols. Since they commute, also e~ xp °P\ is self-adjoint. 

We have that P M and e~ XPo Pi are self-adjoint extensions of p{P^) and p(£)p(Pi), consid- 
ered as unbounded operators in L 2 (IR 2 ) with domain A, since they coincide on their common 
domains. From this observation it follows that we can define self-adjoint extensions of the oper- 
ators p(Po) and p{P\) in %. Indeed we can define their domains to be respectively U~ 1 D(Pq)U 
and U^ 1 D(e~ xp ° P\)U , where we use the notation D(T) to denote the domain of the self-adjoint 
operator T. The conclusion follows from the previous lemma and from the fact that U is a 
unitary operator from H to L 2 (IR 2 ). □ 

Since the operator p(Po) is self-adjoint we can define the operator e~ Ap ( p °) via the functional 
calculus. Then one immediately checks that p{£) = e~ Xp<yP °\ so also p{£) extends to a self- 
adjoint operator in TL. Therefore we have that p is an unbounded ^-representation of T K . In 
the following we will use the notation P M := 

3.3 The KMS property of the weight uj 

One relevant property of the weight u is that is satisfies the so-called twisted trace property, 
which is in proposition (II ip . This property can be recasted in the language of KMS weights, 
which provides great insight into the modular aspect of the spectral triple we are constructing. 
Before proving this result we need to review some facts about KMS states and weights. The 
reader unfamiliar with these concepts is invited to check the review [T7], which moreover 
contains material on modular spectral triples, which will be of interest to us later. 

In the following statements we will refer to u as a faithful normal state, but they hold more 
generally for a a faithful normal semi-finite weight. Given a von Neumann algebra M and a 
faithful normal state u on A/", the modular theory allows to create a one-parameter group of 
*-automorphisms of the algebra A/", which we call the modular automorphism group associated 
to uj and denote by cr w , which is a map that assigns to t G K an automorphism of Af, which we 
denote by a". Denote by 'H U1 the Hilbert space induced by uj via the GNS construction, and 
denote by tt w the corresponding representation of M on Then the modular automorphism 
group cr w is implemented by a unitary one-parameter group t i-> A 1 * G This means 

that for each a G jV and for all t G R we have n w (af(a)) = A^7r a; (a)Aj l *. We call A w the 
modular operator induced by the state uj. 
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The modular automorphism group a w has a very important property: it is the unique 
one-parameter automorphism group that satisfies the KMS condition with respect to the state 
uj at inverse temperature (5 = 1. The KMS condition is defined as follows. Let Af be a von 
Neumann algebra, u a state on M and t — > at a one-parameter group of automorphisms of Af. 
Then oo satisfies the KMS condition at inverse temperature (3 with respect to a if, for every 
a,b G Af, there is a bounded continuous function F a;b on the complex plane, which is analytic 
in the strip {z G C : < Imz < /?} and fulfills the following condition 

F a ,b(t) = uj(aa t (b)) , F afi {t + = u(a t (b)a) . 

Now we are going to see how these concepts apply to our case. In the next lemma we 
introduce a one-parameter group of *-automorphisms a of A. Then we prove that the weight 
uj satisfies the KMS condition at j3 — 1 with respect to a and compute the associated modular 
operator A. 

Lemma 17. For any t £ K and f G A define (a t f)(x) := f(x — Xt,Xi). We have that a is a 
one-parameter group of * -automorphisms of A. 

Proof. To prove that a is one-parameter group of automorphisms of A we have to show that, 
for any /, g G A and any t G R, the following property is satisfied a t (f * g) = a t (f) * a t (g). 
This can be shown by a direct computation 

(a t (f)*a t (g))(x) = J e^(^ a t (f))( Po ,x 1 )a t (g)(x ,e^x 1 )^ 

= J e- ipo9, f(q -Xt,x 1 )g(x -Xt,e- Xpo x 1 
After the change of variable q — >■ go + At we obtain 



dp 



{a t (f)*a t (g))(x) = J e ip ^~^ J e~ ip ^f{q Q , Xl )g(x - Xt, e'^xjdqo^ 



' ipo{x °- xt \^of)(po,x 1 )g(xo - Xt,e-^ Xl )^ = (a t (f ★ g))(x) . 



Finally to prove that a t is a ^-automorphism we need to check the additional property 
<**(/)* — «<(/*)■ This can again be checked by a direct computation 

a t (f)*(x) = [ e^iToaJD^e-^x,)^ 
J 2tt 

= J e ipoX ° J e-^J{q G - Xt^'^x^dq^ 
Using again the change of variable q — > q + Xt we obtain 

<xt(f)*(x) = J j Mx °- Xt) f e-^J(q ,e- Xpo x 1 )dq ^ 

= J e^ ( ^- At) (^o7)(Po,e- Apo x 1 )^ = a t (r)(a;) . 



□ 
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Proposition 18. The weight oj satisfies the KMS condition at inverse temperature (3 = 1 with 
respect to a. The corresponding modular operator is given by A = e~ APo . 

Proof. We define Ff g (z) := u(f * a z g). This function is bounded continuous and analytic, 
since a acts on the first variable and functions in A are analytic in the first variable. Now we 
need to show that 

F ft0 (t) = u(f * a t {g)) , F f , g (t + i(5) = u{a t {g) * /) . 

Notice that the action of £ can be rewritten in terms of a, that is 

{£ > f)(x) = f(x + iX, Xl ) = («-</) (s) . (3.3) 

Then using the twisted trace property we have 

Ff, g (t + i) = u(f * a t+i (g)) = u((£ > a t+i (g)) * /) 
= u((a^a t+i (g)) * f) = w(a t (</) * /) . 

This shows that the weight u fulfils the KMS condition at inverse temperature (3 = 1 with 
respect to a. To determine the modular operator A associated with u consider /, g G A. 
Using the fact that at is an automorphism of A we obtain 

n(a t (f))g = «*(/) *g = a t {f-k oc-t{g)) = a t (n(f)a- t (jg)) ■ (3.4) 
Now, using the fact that P = — ic?o, we have the following equality 

(a t f)(x) = f(x - Xt, Xl ) = (e- iXtPo f)(x) . 
Then we see that equation (13. 4p can be rewritten as 

7r(a t (f))g = e- iXtP °7r(f)e iXtP °g = A^A^g . 
This implies that the modular operator is given by A = e~ xp °. □ 
These facts will be extremely important for the definition of a modular spectral triple. 

3.4 Some useful formulae 

In the previous sections we have shown that the Hilbert space H is unitarily equivalent to 
L 2 (R 2 ), where the unitary operator is given by 

(Uf)(x) = J e*™^/)^^)^ . 

We can associate, to any densely defined operator T on H, the densely defined operator 
\JTU~ 1 on L 2 (M 2 ). Many properties of operators defined on % are conserved by this unitary 
transformation: for example, if T belongs to the p-th Schatten ideal on H, then UTU~ l 
belongs to the p-th Schatten ideal on L 2 (R 2 ). This is useful, since we can use results which 
are formulated for the Hilbert space L 2 (M. 2 ) to establish some properties of operators on %. 
For example, to prove that an operator is Hilbert-Schmidt in L 2 (R 2 ), one can write it in the 
form of an integral operator and check that the kernel belongs to L 2 (IR 2 x M 2 ). 

Here we collect some useful formulae which will be used extensively in the rest of the paper. 



14 



Lemma 19. For f G A and ip G H we have 

d 2 p 



(tM/)tf~V)(*) = / e^(Uf)(x ,e x ^x 1 )(^)(p) 



(2tt) 2 ' 

Proof. Consider first i\) G A. From the definition of n(f) and the properties of the involution J 
we obtain that Jir(f)J acts by multiplication from the right, that is we have J%(f)Jip = ip-kJ f. 
To compute Un(f)U~ l we use the fact that U is related to the involution by J = J C U, where 
J c denotes complex conjugation. We have the following equality 

Un(f)U^ = J c Jn(f)JJ c ^P = J c (J c iP * Jf) = J C (J C ^ * J c Uf) . 

Using the formula (12.41) for the product and after a change of variable we obtain 

J c {J c iP*J c Uf)(x) = J e- wo (Jo5)(po,a: 1 )(t//)(a;o,e- Apo x 1 )^ 

^(^){p ,x 1 )(Uf)(x ,e x ^x 1 )^ . 

Z7T 

Finally this expression may be rewritten as 

d 2 p 



(U7r(f)U-^)(x) = / e i v x {Uf){x< h e x ™x 1 ){jF^)(j>) 



This formula extends by continuity for any ip G L 2 (IR 2 ). Indeed since 7r(/) is a bounded 
operator in TL and since {7 is a unitary operator from H to L 2 (R 2 ) it follows that UTr(f)U^ 1 
is bounded in L 2 (IR 2 ). Therefore UTi{f)U~ 1 may be extended by continuity to L 2 (IR 2 ). □ 

The following lemma gives an explicit expression for a function of P^. 
Lemma 20. For g a bounded function, define g(P) by the functional calculus. We have 

(g(P)rl>)(x) = f e^g( Po ,e- Xm Pl )(^)(p) lh ' 



(2tt) 2 ' 

Proof. We know that in L 2 (R 2 ) the Fourier transform J 7 is the unitary operator that diago- 
nalizes the operators P^ = — id^ (up to factors of 2tt, depending on the normalization). This 
means that for ip G L 2 (R 2 ) we have 

(g(P)4>)(x) = [ e^g(p)(^)(p)- dl> 



(27T) 5 



From the results of the previous section we have that UPqU -1 = Po and UPiU^ 1 = e~ xp °Pi, 
so we obtain U g{P)U^ 1 = g(Po,e~ xp °Pi). The result follows by using the functional calculus 
for the commuting operators P M in L 2 (R 2 ). □ 

Finally we are interested in operators of the form 7c(f)g(P). 
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Proposition 21. The Schwartz kernel associated to the operator Un(f)g(P)U 1 is given by 



(2vr) 2 ' 

Proof. Using the lemmata (TT9j) and ( 120]) we obtain 

(EM/)<7(P)E/-V)(aO = (UnU)U- l Ug(P)U- l ^)(x) 

e i ^{Uf){x G ,e x ^x 1 ){JRJg{P)U- l ^){p) 



(27T) 



2 



j2 



(27T) 

The Schwartz kernel corresponding to this operator is given by 

d 2 p 



K(x,y) = / e ip(x -y\Uf)(x ,e x ^x 1 )g(po,e- Xpo p 1 ) 



(2vr) 2 • 



□ 



4 The Dirac operator 

The next step in the construction of a spectral triple is the introduction of a self-adjoint 
unbounded operator on the Hilbert space, the Dirac operator D. In the next section we briefly 
recall the ingredients used in the commutative case, mainly to fix some notation. We show 
that there is a problem in obtaining a bounded commutator, which is solved by considering 
the twisted commutator introduced by Connes and Moscovici [10], where the commutator is 
twisted by an automorphism a. Finally we prove that, starting from some assumptions that 
we motivate in some detail, there is a unique pair of a Dirac operator T> and automorphism a 
such that the twisted commutator is bounded. 

4.1 A problem with boundedness 

Let us briefly recall some facts concerning the Dirac operator D in the two dimensional Eu- 
clidean space IR 2 . Here we consider the algebra of Schwartz functions A = S(M. 2 ) with the 
♦-representation 7r on % r = L 2 (IR 2 ) given by pointwise multiplication, that is (7r(f)ijj)(x) = 
f(x)ip(x). We consider the following representation of the Clifford algebra 



i o j ' v % o 

These matrices satisfy the anticommutation relations {T^, T u } = 25^. To consider spinors 
we consider the Hilbert space H = Wr ® C 2 , corresponding to the trivial spinor bundle. The 
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representation it of A is extended as pointwise multiplication on the two copies of % r , and we 
still denote it by it. The inner product is given by 



where ipi, <f>j are the components of the spinors if), 0. The Dirac operator for this space is built 
using the T matrices and the operators P M = — id^ as follows 



v = r^p M 



id + d 1 
id — di 



The Dirac operator V is self-adjoint with respect to the inner product defined above. Since 
the dimension is even there is a self-adjoint operator x, called the grading, which satisfies 
X 2 = 1 and satisfies the following properties: it commutes with the algebra, that is for any 
f E Awe have [x, 7r(/)] = 0, and it anticommutes with the Dirac operator, that is {x, T>} = 0. 
In terms of the T matrices it is given by 



One of the requirements for a spectral triple is that [D, 7r(/)], for / e A, should extend to 
a bounded operator in H. From its definition we obtain [D, 7r(/)] = r M [P M , 7r(/)]. Using the 
Leibnitz rule for the derivatives we obtain 

i>(/)^ = (iy-)V + /(P^) = vr(P M /)^ + 7r(/)P M V • 

Then the previous equation can be rewritten in the form [D, 7r(/)] = Y tl n(P pi f). This is 
a bounded operator, since ir(f) is a bounded for f £ A and P M / e ^4. since / is a Schwartz 
function. 

Now let us discuss the deformed case. The Hilbert space, which we previously introduced 
via the GNS construction for the algebra A and the weight u, will be referred to as the 
reduced Hilbert space and will be denoted by H r . The algebra A is represented in H r by left 
multiplication, that is (ir(f)ip)(x) = (f*ip)(x). To consider spinors we consider the Hilbert 
space H = T-t r ® C 2 , corresponding to the trivial spinor bundle. The representation 7r of A is 
trivially extended to the two copies of 7i r , and we still denote it by it. The inner product of 
two spinors ip, (ft G H is given by 

(ri>,4>) H = [ {{r^<Pi){x) + {r2^h){x))d 2 x . 



As a first attempt, we can try to use the classical Dirac operator V = T M P M . Then, as in the 
commutative case, we have [D, 7r(/)] = T M [P M , 7r(/)]. The difference comes from the fact that, 
differently from the commutative case, the representation n is not pointwise multiplication. 
Indeed, using the fact that the representation it is 7^-equivariant, we obtain 
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We see that P\ does not obey the Leibnitz rule, as a consequence of the non-trivial coprod- 
uct of the K-Poincare algebra. We find that the commutator [D, 7r(/)] is not bounded, since 
p{P\) is an unbounded operator and we have 

[v, tt(/)] = n(p, > f) + r 1 ^ - 1) > /) P (p 1 ) . 

One can hope to evade this problem by considering a different Dirac operator D. To have 
a good classical limit we require that, in some technical sense that we will specify later, in the 
limit A — > this Dirac operator T> reduces to the classical one. Moreover, since we are dealing 
with a quantum group, it is natural to consider the framework of twisted spectral triples |10| . 
see the discussions in |18[ ITU] . In this setting one requires the boundedness of the twisted 
commutator 

[2?,7r(/)], = 2>7r(/)-7r((7(/))2?. 

Here ct is an automorphism of the algebra A. Since the algebra A is involutive one also 
requires the compatibility property cr(/)* = (T~ 1 (/*), for / G A. In the next section we will 
investigate what are the possible choices for the Dirac operator T> and the automorphism a. 

4.2 The deformed Dirac operator V 

Now we state our assumptions for the Dirac operator D and the automorphism a. The first 
assumption is of general nature, that is we require that T> is self-adjoint on % = 7i r <8> C 2 
and that it anticommutes with the grading \- This implies that T> is of the form D = T^D^, 
where are self-adjoint operators on H T . The second assumption is that T> and ct should 
reduce respectively to the classical Dirac operator and the identity in the limit A — > 0. The 
technical statement of this assumption will be given later in this section. Next, motivated by 
the fact that T> and ct should be determined by the symmetries, we assume that = p(D fl ), 
for some G T K , and that the automorphism ct is given by <r(f) — a> f, for some a G T K . 
The requirement that a is an automorphism implies that its coproduct should be Act = a £g> a. 

Finally, a technical assumption: since it can be problematic to deal with convergence of 
elements in a Hopf algebra, and it certainly is more technically challenging, we restrict our 
attention to elements of T K for which we do not have such problems. We introduce 

Definition 22. We denote by Tj the finite span of the elements P^PlS* 1 , for i, j G N and 

kez. 

The superscript here stands for "finite". Notice that, since T K is commutative, any product 
of a finite number of generators is an element of T/. Our last assumption is then that and 
ct actually belong to T£ . Now we analyze the consequences of these assumptions. 

Lemma 23. Suppose that A, a G T/ . Then [p(A),7r(f)} a = p(A)%(f)—7r(o->f)p(A) is bounded 
if and only if the coproduct of A is A A = A' <g> 1 + ct <g> A, for some A' G Tj . 

Proof. Using the fact that the representation n is equivariant we have 

[p(A),7r(f)] a = p(A)7r(f)-7r(a>f)p(A) 

= 7r(A {1) >f)p(A (2) )-ir(a>f)p(A) . 
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For some B{, Cj £ T/ this can be rewritten in the form 

[p(A),7rU% = ^( B ^f)p( C j) ■ 

ij 

Indeed notice that, since A £ Tj , only a finite number of terms appears in the coproduct of 
A, therefore on the right hand side we have a finite sum. 

Now the crucial point is to note that the operator p(Cj) is bounded if and only if Cj is a 
multiple of the unit. Indeed it is easy to see, from their definition, that p{P^) and p{£) are 
unbounded operators, while the unit corresponds to a bounded operator. Then the operator 

Y,c ijkP {E i )p{P^)p{£ k ) 

ijk 

is unbounded unless all coefficients are zero, except possibly for Cooo- From equation (14. ip we 
see that \p(A),n(f)] CT is bounded if and only if all the elements Cj are multiples of the unit. 
If we write Cj = Cjl, where Cj £ C, then we can rewrite the right hand side of equation (14.11) 
in the form 

£ AB* > f) P {Cj) = tt(A> >f), A' := £ Cj B t £ 7? . 

ij ij 

Then we notice that the condition [p(-A), vr(/)] cr = tt(A' > /) can be rewritten in the form 

p(A)7r(f)=7r(A > >f)+7r(a»f)p(A) . 

Finally, using the equivariance of tt, this implies that AA — A' <g) 1 + a <g> A. □ 

The previous lemma tells us that the requirement of boundedness of the twisted commu- 
tator severly restricts the form of the coproduct of D^. Now we analyze which elements of Tj 
have a coproduct of this form. 

Lemma 24. Consider an element A £ 7/. Suppose that AA = A' £g> 1 + a ® A for some 
A', a £ Tj and with Act = ct ® ct. Then we have o = S m , for some m £ Z, and A is of the 
form 

• Cil + c 2 £ m ifm<0, 

• C]l + C2P0 if m = 0, 

• cil + c 2 ^ + C3P1 ifm — l, 

• C\\ + c 2 £ m if m > 1. 

Proof. Any element A £ 7/ can be written as a finite sum of elements of the form P^PlE k 
with j,j 6 N and k £ Z. We can write such a linear combination with coefficients £ C in 
the form 

A = £ CijkPoP(£ k = £ Aij k . 

ijk ijk 
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First of all it is clear that if a G Tj is such that Aa = a (g) a, then we must have a = £ m 
for some m G Z. The request AA = A' ® 1 + a <8> A, for some A', a G 7~f , puts a constraint on 
the possible terms that appear in the sum. A term A^ k is allowed if and only if its coproduct 
is of the form AA^ = CxB^ <g> 1 + c<i<J ® Cjjk, for some ci, c 2 G C and P^, G Tj ■ Now 
we will discuss which terms are of this form. 

Consider first the generator P . Then Pq is allowed for % = 0,1. Indeed we have Al = 1(8)1 
and AP = P <8> 1 + 1 (g> P . For higher powers we get cross terms which cannot be of the 
allowed form, for example if we compute the coproduct for i = 2 we have 

AP 2 = P 2 <g> 1 + 2P <g> P + 1 <g> P 2 . 

The same argument applies to Pi, for which we have A Pi = P±<S> l + £ <S>Pi- Higher powers 
are not allowed as in the case of P . For £ on the other hand any power is acceptable, since 
A£ k = £ k <g) £ k is an automorphism. 

Now we discuss the mixed terms. Any term of the form PqP( for i,j > > 1 is not allowed 
because of the cross terms. For example for PoPi we have 

A(P Pi) = P Pi <g> 1 + £P ® Pi + Pi <g> P + £ ® P Pi . 

Similarly mixed terms like P$£ k or P{£ k are not allowed for i,j,k > 1. For example we 
have 

A(P £ k ) = £ k P ®£ k + £ k ® £ k P , 
A(Pi^ fe ) = £ fc P ®£ k + £ k ® £ k P 1 . 

Now we discuss which terms are compatible when we fix a = £ m for some m G Z. This 
means that the coproduct of the term A^ must have the form AA^k = ciB i jk®l+C2£ m ®Cijk ) 
for some c±, G C and Pjjfc, G 7^/. Notice that the unit and £ m satisfy this requirement 
for any m G Z. They are the only possible terms for m < and m > 1. For m = we also 
have Po, while for m — 1 we also have Pi. □ 

Now it is time to discuss the requirement of the classical limit for T>. First of all we need 
to recall that the parameter A is a physical quantity of the model, which has the physical 
dimension of a length. Since also the coordinates have the dimensions of a length, it follows 
that the Dirac operator must have [D] = —1, where by [A] we denote the physical dimension 
of A in units of length. From this observation it follows that the generators of T K have physical 
dimensions [P^] = —1, [£] = and the unit has [1] = 0. Now we can give the technical 
statement of the assumption of the classical limit. 

Definition 25. We say that the Dirac operator T> = T^D^ obeys the classical limit if for all 
ip G A we have YimD^ip = P^ip, for A — > 0, and moreover [Dp] = — 1. 

Now that we have discussed all the assumptions we can state the following theorem. 

Theorem 26. Suppose that and a belong to Tj , and that the Dirac operator T> obeys the 
classical limit, as given in the previous definition. Then the twisted commutator 

[v, *(/)], = (p(p>X/) - 7r(<7 > />(pg) 

is bounded if and only if we have D = ^(1 — £ ), D\ = P\ and a = £ . 
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Proof. Using lemma f l23l) we have that [D, 7r(/)] CT is bounded if and only if AD^ = D'^ ® 1 + 
a (g) D^, for some .D^ G 7^/. Such elements are classified by lemma We have a = £ m , for 
some m G Z, and depending on the value of k we have the following possibilities for 

dl + c 2 £ m , m<0, 

c x l + c 2 P , m = , 

Cil + c 2 £ + c 3 Pi , m = 1 , 

cil + c 2 £ m , m > 1 . 

The condition that the operators obey the classical limit imposes k = 1. Indeed only 
for this choice we have the element Pi, which corresponds to the operator p{P\) = P\ = —id\. 
Now we need to consider the restriction on the coefficients qgC given by the classical limit. 
Let us start with D , for which we have 

(p(D )if>)(x) = A -1 (ci^(x) + c 2 ^(x - iA, £1)) - ^(diVOO) • 

Here we have rescaled the coefficients in such a way that G C are dimensionless. This 
operator must reduce to —iOq in the limit A — > 0. We see immediately that we must have 
c 3 = 0, since the second term is not affected by the limit. To see what are the requirements on 
the remaining two coefficients we expand ip in Taylor series in A, which is allowed since ip G A 
is analytic in the first variable. Then we can write 

(p(Do)VO(z) = ^( c i + + ic 2 (d i>)(x) + \~ l c 2 V(^V0(z)^r • 

z — ' n! 

n=2 

The first term diverges in the limit A — > unless c\ = — c 2 , which we must require. The 
second term on the other hand is not affected by this limit, and forces us to choose c 2 = — 1. 
Finally let us discuss the third term. Since ip is also a Schwartz function, we can exchange the 
limit with the series and we obtain 

Jim A-^^^Kx)^ = c 2 f> >)(*) KmA- 1 ^ = . 
a->o z — ' n\ z — ' a-s>o n\ 

n=2 n=2 

Therefore the classical limit fixes D = A _1 (l — £). We can repeat the argument for D 1 , 
for which we write 

(p(D 1 )^)(x) = A" 1 (c^(z) + c' 2 ^(x - zA, xi)) - ic' z {d x ^){x) . 

This operator must reduce to — %d\ in the limit A — > 0. From the previous discussion it 
is obvious that we must have c[ = c' 2 = 0. Finally the third coefficient is the same as in the 
commutative case, that is c' 3 = 1, therefore D\ = P\. □ 

4.3 Some remarks on V 

The main result of this section is that, given the assumptions spelt out in the previous discus- 
sions, there is a unique Dirac operator T> and a unique automorphism a such that [D, 7r(/)] CT 
is bounded. They are given by 

D = r A _1 (i-e- AA ) + r 1 A , a = 8. 
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We want to point out several nice features of this result. The first remark is related to the 
modular properties of the twisted commutator we have introduced. In the paper by Connes 
and Moscovici on twisted spectral triples [10], it is assumed that the involutive algebra A 
is equipped with a strongly continuous one-parameter group of automorphisms a such that 
a = a-i, which for their purposes serves to reduce the double index map to a single index 
pairing map. In our case we have 

7r(a(f)) = n(S > f) = 7r(a^(f)) = Att^A" 1 . 

Here a is one-parameter group of automorphisms of A associated to the KMS weight u 
and A the corresponding modular operator. Therefore a is implemented in the Hilbert space 
H by the modular operator. Therefore there is a nice compatibility between the twisting of 
the commutator and the modular properties of the algebra. 

Another very pleasant feature is the simple relation between the square of the Dirac op- 
erator T> 2 and C, the first Casimir operator of the K-Poincare algebra (more precisely of the 
so-called quantum Euclidean group, since we are in Euclidean signature). It is given by 

C = lsinh 2 ^+e^P 1 2 . (4.2) 

Then, as a simple computation shows, we have the relation T> 2 = AC, where A is the 
modular operator. Apart from the presence of the modular operator this is the same property 
that one has in the commutative case. This connection is made more suggestive if we rewrite 
the twisted commutator in the form suggested in [19], that is 

K' 1 (V'n(a) - (K-^i^K^') . 

The usual definition of the twisted commutator is obtained by setting T> = K~ X D' and 
7r(o"(a)) = K~ 2 n(a)K 2 . From the previous remark it follows that K = A -1 / 2 , so we have 
(V) 2 = C and V is exactly the square root of the Casimir operator. 

We remark that the Dirac operator introduced in this section serves the purpose of describ- 
ing the geometry of /t-Minkowski space. In the literature one finds a different Dirac operator, 
that we call the physical Dirac operator and denote by T> p h, which is obtained by requiring the 
equivariance (covariance) with respect to the K-Poincare algebra (again the quantum Euclidean 
group), see [20] and also [5]. In our notations it is given by 

v ph = r° Q sinh(APo) - ^>p 2 ) + rV A >A . 

In contrast, the operator T> that we have obtained is equivariant only under the extended 
momentum algebra T K , which is used to define K-Minkowski space. Notice that we can rewrite 
this operator as T> v h = T^pi^D^ 1 ), where D^ h are elements of T£ defined by 

Df = ^-(S- 1 -£)- \z~ l Pl , Df = E- X P X . 
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The results proven in this section apply to this case, showing that there is no automorphism 
a such that the twisted commutator [D p h, 7r(/)] CT is bounded (of course one can directly check 
this statement by computing the coproduct of A property of the physical Dirac operator 

is that, differently from the commutative case, it is not the square root of the first Casimir 
operator, but instead we have the relation 

^ = C ( 1 + T C ) ' 

We point this out because in the non-commutative setting there is a priori no reason why 
the operator P, that one wishes to use to describe the geometry of the space, should coincide 
operator V p h, that one wishes to use to describe the property of spin one-half particles in 
this space. If one takes at face value the results of this section it seems that, to describe the 
geometry, it is more appropriate to use an operator T> which, up to the presence of the modular 
operator A, is the square root of the first Casimir. 

5 The spectral dimension 

Now we want to consider the summability properties of our spectral triple. We are going to 
show that this triple is not finitely summable in the usual sense, but it is finitely summable 
in the sense of modular spectral triples. This an extension of the concept of spectral triple, 
introduced among other reasons to handle algebras having a KMS state. This is the natural 
framework for the non-commutative geometry of ^-Minkowski which, as we have shown in the 
previous sections, has a natural KMS weight. After discussing some of the problems that arise 
in the non-compact case, we introduce a weight $ on i3("H), which we use to compute the 
spectral dimension. We show that we obtain a spectral dimension p = 2 and that the residue 
at s = 2 of the function $ (7r(/)(l + D 2 )~ s / 2 ) recovers the weight to on A. 

5.1 A problem with finite summability 

The concept of finite summability for a non-unital spectral triple is far more subtle than in 
the unital case, see [21] for a detailed discussion of some of the issues arising. We just point 
out that, while in the unital case the definition of the operator T> is enough to characterize 
the spectral dimension, in the non-unital case one needs a delicate interplay between T> and 
the algebra A. Here we quote the definition of spectral dimension and 2p-summability that 
are given in [2 1 J . 

Definition 27. Let (A,'H,'D) be a non-compact spectral triple. We say that it is finitely 
summable and call p the spectral dimension if the following quantity exists 

p := inf{s > : Va G A, a > 0, Tr (vr(a)(l + V 2 )~ s/2 ) < oo} . 

In addition we say that (A, H, T>) is 2p-summable if for all a G A we have 

limsup | (a -p)Tr (7r(a)(l + V 2 y s/2 ) | < oo . 

s\p 

Now we show that our spectral triple is not finitely summable in this sense. 
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Proposition 28. The operator 7r(/)(l + T> 2 ) s l 2 is not trace class for any s > 0. 

Proof. Consider a positive element / > in A and write it as / = /' * /', with /' > 0. If the 
operator ir(f)(l + U 2 )~ s / 2 is trace class then it follows that Tr(f')(l + U 2 )~ s / 2 iv(f') is trace class 
(while the converse statement is not true in general) [22]. To prove that 7r(/')(l + X> 2 ) _s / 2 7r(/ / ) 
is trace class it suffices to prove that tt(/')(1 + £> 2 )" s/4 is Hilbert-Schmidt. We will prove that 
7r(/')(l + V 2 )~ s / i is not Hilbert-Schmidt for any s > 0, which implies that 7r(/)(l + V 2 )~ s I 2 is 
not trace class for any s > 0. 

Computing the Hilbert-Schmidt norm of tt(/')(1 + £> 2 )~ s/4 in H = H r ® C 2 is equivalent to 
computing the Hilbert-Schmidt norm of A := Un(f')(l + V 2 )~ s l A U~ l in L 2 (M. 2 ) ® C 2 . Using 
proposition (T2~Tj) we find that the Schwartz kernel of A is given by 

K A (x,y)= [ e^ x -y\Uf)(x ,e Xpo x 1 )G s (po,e- Xpo p 1 ) ''''' 



(2tt) 2 ' 

where the function G s is defined by 

G s (p) := {l + X-\l-e-^) 2 +piy s/4 . 
For fixed x define the function 

h x (p) ■= (Uf')(x ,e x ^x 1 )G s (p ,e- x ^p 1 ) . 
With this definition we can write the kernel K A as an inverse Fourier transform 

K A (x,y) = J e^^Kip)-^ = (T-'KXx - y) . 

Now it is easy to compute the Hilbert-Schmidt norm of A. We have 

\\A\\l H = 2 j j \K A (x,y)\ 2 d 2 xd 2 y = 2 J J \{JF~ l h x ){x - y)\ 2 d 2 xd 2 y 

= 2 J J \{F- l h x )(y)\ 2 d 2 xd 2 y . 

Notice that the factor 2 comes from the dimension of the spinor bundle, since "H = % r <8> C 2 . 
Since the Fourier transform is a unitary operator in L 2 (R 2 ) (up to the factor (27r) 2 , in our 
convention for the Fourier transform) we obtain 

d2 P o f [\tTTtl\f- _Ai>n_ /_ „-A P n„ m2j2_ &V 



Mlu = 2 \h x (p)\ 2 d 2 x—^ = 2 KUf'^e^xJG^e-^p^d'x 



\2,H ~ *J J I'^WI (27r) 2 ~ J J ^U^syfO,^ ylJl (27T) 2 ' 

After the change of variables x\ — > e~ Xpo xi, p\ — > e Xpo p\ we have 

11411* = 2 J \(Uf')(x)\ 2 d 2 x J \9s(p)\ 2 -0^ = j^\W'\\l\\G.\\l ■ (5.1) 



Now we consider the norm ||(j s ||2, which is given explicitely by 
\\G S \\ 2 2 = J (1 + X'\l - e- Xp °) 2 + piy s/2 d 2 



p . 

Notice that the integrand does not go to zero for po — > oo, so we find that ||G S ||2 = oo for any 
s > 0. Therefore the operator 7r(/')(l + V 2 )~ s ' 4 is not Hilbert-Schmidt for any s > 0. □ 
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Now we argue that the framework of cr-spectral triples is not appropriate to describe the 
non-commutative geometry of ft-Minkowski space, and that some more refined notion of spec- 
tral triple is needed to capture the modular properties associated to this geometry. 

First we recall a result obtained in [10J: for a a-spectral triple (A, / H,T>) with D^ 1 e C n+ , 
the linear functional <£>(a) = TY w (7r(a)V~ n ), where Tr w is the Dixmier trace, is a a~ n trace 
on A. This means that for any a, b G A we have (p(ab) = ip(ba~ n (a)). As we mentioned 
before, it is assumed that the involutive algebra A is equipped with a strongly continuous one- 
parameter group of automorphisms a such that o = a^. Therefore the previous condition 
can be expressed as ip(ab) = (p(ba ni (a)) , where n is the spectral dimension. 

Putting aside the issues of the non-compact case, which are not needed for this heuristical 
argument, having a spectral dimension n = 2 in our case would imply ip(f *g) = tp(g * «2i(/)) ■ 
It is important to notice that this one-parameter group a is the same that appears in the KMS 
condition for u. The weight u, on the other hand, satisfies the property u(f*g) = U)(g-kai(f)). 
Since we expect the Dixmier trace to be linked to the weight u, we see that there is a tension 
between the two notions of integration, which are due to their different modular properties. 

5.2 Modular spectral triples 

The concept of modular spectral triples has emerged from a series of papers [T2| [T3| [T3], 
see also the review |17| . The main point of a modular version of a spectral triple is to enable 
the use of a weight instead of a trace to measure the growth of the resolvent of the Dirac 
operator. The definition of a modular spectral triple is usually given using the language of 
semi-finite spectral triples, a generalization of spectral triples introduced to deal with the case 
of a semi-finite von Neumann algebra Af. We do not need this extra technology, so we will 
give the definition specialized to the case Af = B(7i), which is the case of our interest. 

Definition 29. A compact modular spectral triple (A,'H,'D) is the data of a unital *-algebra 
A, a faithful ^-representation tt on a Hilbert space H, and a self-adjoint operator T> such that 

• The representation tt and the Hilbert space % are obtained by the GNS construction for 
the state uj on A, where the state u satisfies the KMS condition with respect to a. 

• A faithful normal weight $ on whose modular automorphism group a® is inner 
and is such that 0^(71- (a)) = 77(0; (a)), for every a e A. 

• The weight $ restricts to a faithful trace r on the fixed point algebra, which is defined 
by B{Uy* ={T e B(H) : af(T) —T,tE M.}. 

• D is affiliated with the fixed point algebra i3(H) CT *. 

• [D, vr(a)] = T>n(a) — ir(a)V extends to a bounded operator for all a G A. 

• (£> — is compact with respect to the trace r on B(Uy , for all fi <£ spV. 

Such a definition has been formalized on the base of examples where the modular group af is 
periodic. Indeed, in some of the papers cited at the beginning of this section, this condition 
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even appears in the definition. Of course we need to consider a modification of the definition 
given above to allow for the use of twisted commutators. This modification simply consists in 
requiring that [D,n(a)]g = T>n(a) — 7i(9(a))T> extends to a bounded operator for all a G A, 
where 9 is an automorphism of A. Such a modification has been considered in [23] where it 
is shown that, given this setup, one can develop an index theory for such spectral triples. See 
also [21]. 

From the definition of modular spectral triple, it follows that the weight $ is fixed by the 
choice of the weight u on the algebra A. 

Proposition 30. Suppose that the weight u on A satisfies the KMS condition with respect to 
a. Moreover suppose $ is a faithful normal weight on B{%) such that 

• its modular automorphism group <t* is inner, 

• for every f G A we have a® (71(f)) = ir(a(f)). 

Then $ is given by $(•) = Tr(A-), where A is the modular operator associated to u. 

Proof. Since the modular automorphism group <r* is required to be inner, there exists a positive 
self-adjoint operator h such that o~f(T) = h %t Th~ lt for all t G K and T G B(H). Furthermore 
it is required that af (71(f)) = 7r(a t (f)), for all t G M and / G A. But a is implemented by 
the modular operator A associated to u>, that is we have 7i(ot t (f)) = A lt Ti(f)A~ lt . Therefore 
it follows that h = A and so A is the modular operator of $. 

We now recall the Radon-Nikodym theorem for von Neumann algebras [25] . see also |23| . 
Let if and r be respectively a faithful normal semi-finite weight and trace on a von Neumann 
algebra N '. Denote by A the modular operator associated to the weight ip. Then we have 
(f(T) = t(AT) for any T G N '. In particular this holds for the case M = B(Jl) and when r is 
choosen to be the operator trace. It follows that $(•) = Tr(A-). □ 

As in the case of spectral triples, in the non-compact case we need to modify the condition 
on the resolvent of the Dirac operator. We need to require some compactness condition for 
the operator 7i(a)(T> — /u)" 1 , for a £ A. If we want to retain the use of the trace r on B^H) a 
we need to require that 71(a) G B(H) a . However this condition seems quite unnatural in 
the non-compact case, as we now argue using the example of our model. Using the property 
ct*(tt(/)) = 7r(a(/)), for / G A, we have that n(f) G B(H)^ if and only if 7i(a t (f)) = 71(f) 
for all t G M. Since the automorphism a t is given by a t (f)(x) = f(xo — Xt,X\), this condition 
is satisfied if and only if / is constant in the first variable. In particular for any such / G A 
we have uj(f) = 0. 

One possibility is suggested by the relation $(■) = Tr(A-), is that we can require that the 
operator A7r(/)(X> — /i)" 1 be compact for all / G A and /i ^ spX?. In the next section we are 
going to prove that the operator Aw(f)(T) 2 + /i 2 ) -s / 2 is trace class for s > 2, which implies 
that this compactness requirement holds true. 

5.3 The spectral dimension with the weight $ 

The definitions of finite summability and spectral dimension need to be modified in the case 
of a modular spectral triple. In the compact case one replaces the operator trace with the 
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weight <£>, which restricts to a trace r on the fixed point algebra i3('H) <T<I , to which the Dirac 
operator T> is affiliated. For the non-compact case we use the following definition. 

Definition 31. Let (A,'H,'D) be a non-compact modular spectral triple with weight We 
say that it is finitely summable and call p the spectral dimension if the following quantity 
exists 

p : = inf{s > : Va E A, a > 0, $ (?r(a)(l + V 2 y s/2 ) < oo} . 
In addition we say that (A, %, T>) is 2p-summable if for all a G A we have 

limsup \{s (7r(a)(l + V 2 )~ s/2 )\ < oo . 

We have to remark that the terminology "2 p -summable" is somewhat improper, since the 
ideals Z p have been defined only for traces, not for weights [21] . Here we are not concerned 
whether such a notion can be extended to this case, as we will not make use of any of the 
properties of these ideals. We only use this terminology to refer to the summability condition 
given above, which reduces to the proper case of 2 p -summability when $ is a trace. 

Now we are going to show, using this notion of summability, that we obtain the spectral 
dimension p = 2, that the modular spectral triple is i?2-summable, and finally that we recover 
the weight tu from the residue at s = 2 of the function $ (7r(/)(l + T> 2 )~ s / 2 }. These results are 
in line with those obtained for the modular spectral triples studied so far. Before starting the 
computation we note the following easy but useful lemma. 

Lemma 32. For all f e A we have $ (7r(/)(l + V 2 )~ s / 2 ) = Tr (7r(a_i/)A(l + V 2 )- 3 / 2 ) . 
Proof. It is easily proven by the following computation 

$ (tt(/)(1 + V 2 )- 3 ' 2 ) = Tr (Avr(/)A- 1 A(1 + V 2 )- 8 ' 2 ) 

= Tr(vr(«_ l /)A(l+P 2 )-/ 2 ) . 

In the last line we have used the fact that a is implemented by the modular operator A, 
that is 7r(ot/) = A i *vr(/)A- i * for any f e A. □ 

Thanks to this lemma we can restrict our attention to the operator 7r(/)A(l + X? 2 )~ s / 2 on 
%. Now we show that this operator is trace class for s > 2. 

Proposition 33. For all f 6 A the operator 7r(/)A(l + £> 2 )~ s / 2 is trace class on % for s > 2. 

Proof. It is equivalent to show that the corresponding operator in L 2 (M. 2 ) ®C 2 is trace class for 
s > 2. We can consider, slightly more in general, the operator A := Un(f)A(V 2 + ^ 2 )- s / 2 LJ- 1 , 
with 7^ 0. Using proposition (12 lj) we have that the symbol corresponding to this operator is 
given by a(ar,£) := (Uf)(x , e*t°Xi)G* (f , e~ A5o £i), where 

G? (Co, e-*°ei) := e-** (a^ 1 (l - e^) 2 + e^Hl + V*) ■ 

To prove that this operator is trace class we will use the following criterion [26] . Let A 
be an operator in L 2 (IR n ) with symbol a(x,£). If the symbol satisfies the condition d^d^a e 



27 



L p (M. n x W 1 ) for |a|, \/3\ < [n/2] + 1, where 1 < p < oo, then A belongs to the p-th Schatten 
ideal in L 2 (R n ). Here we are using the multi-index notation for a, (5 and [n] denotes the integer 
part of n. 

First we will prove that a is integrable. We have 




\a(x,0\d 2 xd 2 £ = J J \(Uf)(x ,e x ^x 1 )\Gf^ ,e-^ 1 )d 2 xd 2 ^ 
After a change of variables we obtain 



J J \a(x,Z)\<Px<P£ = J \(Uf)(x)\d 2 x J Gf(0d 2 ^\\Ufh\\G 



All 

s 111 • 



We have that ||C//||i is finite since Uf is a Schwartz function. To prove that ||G^||i is finite 
we need to consider the asymptotic behaviour of the function G^(£), which is given by 

GHO ~ {e- 2 ^ + a)' 3 ' 2 , 6 -oo , |6| oo . 
For £ — >■ oo this function is integrable if s > 1. To study the other case we use the integral 



a 2 + x 2 )~ s / 2 dx = ^L(Vi( a 2)-^ 

r (f) 



/< 



Then the function is integrable for £ — > — oo is s > 2, as we have 

J G? (Odti ~ e- A «° | ( e - 2 ^ +e i 2 )" s/2 ^i ~ e^e^ 1 ^ . 
Now we consider the derivatives in x. For the derivatives in x we have 

(dSUf)(x ,e X(o x 1 )dx = (Uf)(oo,e x ^ Xl ) - (Uf)(-oo,e^°x 1 ) = . 
Here we have used the fact that U f are Schwartz functions. Similarly we obtain 

j d^ l {Uf){x Q ,e ) ^x 1 )dx 1 = e nX ^ J (d?U f)(x , e x ^x 1 )dx 1 = e^ 1 ^ J (d?Uf)(x)d Xl 

= e l n -»*> ((Uf)(x , oo) - (Uf)(x , -oo)) = . 

Now we consider the derivatives with respect to £o- There are two contributions, one coming 
from (Uf)(xo, e x ^°xi) and the other from Gf(£o, e _A ^°£i). First we will consider derivatives 
acting on the term (Uf)(x ,e x ^°x 1 ). Taking one derivative we obtain 

d i0 (Uf)(x ,e x ^x 1 ) = e x ^Xx 1 (d 1 Uf)(x ,e x ^x 1 ) 

= Xx 1 d Xl (Uf)(x ,e x ^x 1 ) (5.2) 
= Xd xi {x 1 (Uf)(x ,e x ^x 1 )) - X(Uf)(x ,e x ^ Xl ) . 
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The second term corresponds to the case with zero derivatives, so we have already proven that 
it gives a finite contribution. The first term on the other hand vanishes upon integration in 
X\, since Uf is a Schwartz function. For the second derivative using (15. 2p we obtain 

8$ (Uf)(x ,e*°xi) = Xxid x MUf)(x ,e^ Xl ) 

= Xd xi (x 1 d^ (Uf)(x ,e^°x 1 )) - Xd^(Uf)(x ,e x ^ Xl ) 

The second term corresponds to the case of one derivative, which we have proven to be fi- 
nite. For the first term we just need to notice that, for fixed £ , equation (15. 2p implies that 
d^ (Uf)(xo, e x ^°Xi) is a Schwartz function. Then the first term vanishes by the previous argu- 
ment. □ 

Theorem 34. The non-compact modular spectral triple (A, H, T>) with weight $ is Z 2 -summable. 

Proof. Using lemma (132]) it suffices to prove the analogue result with 7r(/)A(l + T) 2 )~ S ^ 2 . In 
the previous theorem we have shown that the operator A := U<r(f)A(T) 2 + fi 2 )~ s / 2 U~ 1 , with 
\i ^ 0, is trace class for s > 2. We can compute its trace by integrating the kernel, that is 



Tr (n(f)A(V 2 + /i 2 )^ 2 ) = 2 J J (Uf)(x , e*> Xl )G? (£o, e^^ 2 *^ 



Here the factor 2 comes from the dimension of the spinor bundle, since Ti = TL r ® C 2 . As 
shown in the previous theorem this is actually equal to 



Tr (n(f)A(V 2 + v 2 )-*/ 2 ) = 2 J (Uf)(x)d 2 x J 



d 2 £ 



(2tt) 2 ' 

Now we need to compute the integral in £, which is given by 

d 2 t, f _-A£n (\ -2 ft „-Afn\ 2 , i-1 , ..2\~ S ^ 



c(s) := / Gt(t)j^i = J (A- 2 (1 - e-^>) 2 + & + ^ 



(2vr) 2 

The integral over ^ can be easily computed using the standard formula valid for s > 1 



r(i) 

Using this result we can write 

For the integral in £o we use the change of variable r = e" A ^° to rewrite it as 
J (A- 2 (1 - e- A ^) 2 + /i 2 ) ^ = X s - 2 J ((1 - r) 2 + A 2 /. 2 ) 



s-1 

2 dr 
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This integral can also be solved analytically for s > 2 
where 2-P1 (a, b, c, z) is the ordinary hypergeometric function. The result of the integral is then 

c(s) " r (f) A (v) 1^ a ^T(^ + 2jPi U'^~'2'"avJ 

From these results it follows that the spectral dimension is p = 2. To prove the Z 2 - 
summability we have to show in addition that, for any / £ A, we have 

lim sup I (3 - 2)Tr (tt(/) A(D 2 + /i 2 )" s/2 ) I < 00 . 

We need to study the behaviour of the function c(s) around s — 2. Notice that the second 
term, the one involving the hypergeometric function, is regular at s — 2, while the first term 
has a simple pole at s — 2, which comes from the function r (| — l). Indeed the Laurent 
expansion of this function at s = 2 is given by 

where 7 is the Euler-Mascheroni constant. Using this expansion we can easily compute 
hmsup( S - 2)c(s) = hmsup( S - 2)^-±-\ s -\\^- s \^T (1 - I 



(A/z^A/i ¥-2 = — . 



(2tt) 2V ^ r 2 4vr 
Notice that the result of this limit does not depend on //, so we may as well fix p, = 1. □ 
Corollary 35. For all f £ A we have 

\un(s - 2)$ (tt(/)(1 + V 2 r' 2 ) = . 

S r£ Z7T 



Proof. From the previous theorem and lemma (1321) we have 

hm( S - 2)$ (tt(/)A(1 + D 2 )- s/2 ) = ^ f a^(f)(x)d 2 x . 
Using the properties of the functions in A and the Cauchy theorem we have that 

f(x + z, Xi)d 2 x = / f(x)d 2 x , (5.3) 



for any z £ C. Then the result follows, since a-i(f)(x) = f(xo + i\,xi). □ 

We have seen that, by computing the residue at s = 2 of the function $ f7r(/) A(l + D 2 )~ s / 2 ) , 
we obtain the weight u on the algebra. The factor (27r) _1 is exactly what one obtains in the 
computation of the Dixmier trace in the commutative case. 
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6 The real structure 



In this section we discuss the possibility of introducing a real structure on our spectral triple, 
see [19] for the case of quantum groups. We will see that one condition, involving the Dirac 
operator, is modified by the presence of the modular operator A. We briefly review the 
commutative case to recall these notions and to set the notation. 

Consider a spectral triple (A., H, T>) of dimension n. It is even if there exists a ^-grading 
X on T~L. A real structure is an antilinear isometry J : % — > 7i with the following properties: 

1. = £ ( n y 

2. JV = e'{n)VJ. 

3. [n(f),Jn(g*)J- 1 ]=0. 

4. J\ = i n X$ if h is even. 

5. [[V,n(f)],Jn(g)J- 1 ]=0. 

Here e(n) and e'(n) are mod 8 periodic functions which are given by 

e(n) = (1,1, -1,-1, -1,-1, 1,1) , 
e'(n) = (1,-1, 1,1, 1,-1, 1,1). 

The fifth condition is usually called the first order condition. 

We are interested to the case n = 2. We have J = CJ C , where J c is complex conjugation 
and C is a 2 x 2 matrix, which in our conventions is given by C = iT°. The grading is given by 
the matrix x — — «r°r 1 , which satisfies x 2 = 1. First we show that J is an antilinear isometry 
on % = Hr ® C 2 . Acting with it on a spinor ip we get 

j ( = ( -i'Mx) \ 

V M x ) J V -^ii x ) J 

The conclusion follows from a simple computation 

2 2 

(J<f>,Jip)n = 5Z(W)fc, W)k)u r = $^(-*, -Wk)u r 

k=l fc=l 
2 

fe=l 

The first property is easily verified using the properties of the V matrices 

j 2 = tT°j c tr°j c = (r°) 2 j 2 = i . 

To verify the second condition write the Dirac operator as T> = T^P^. We have 
JVJ = iT J c (T°P + Y x P 1 )iY°J c 

= (t°) 3 j c p j c - r^rVcAJc = r"j c iv c . 
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Using the definition of P M we get T M J C P M J C = — T M P M = —T>. Multiplying from the right 
by J and using J 2 = 1 we obtain JV = —VJ. For the third condition we note that 
j7r(g*)J^ 1 = iT° J c ~giT° J c = g. The fourth condition follows from the computation 

j x = 2r°j c (-2)r°r 1 = T^-O^r 1 j c = -(-i)r rHr j c = %\J . 

Finally the fifth condition follows since [V, n(f)] = T^Tr(D fl f) and therefore 

[[VMNiJ^J- 1 ] = T^iDJ),^^- 1 ] = 
Now we consider the deformed case. For / G A define the operator J'f := «;(/*). 
Lemma 36. The operator J' is an antilinear isometry on % r . 

Proof. Recall that a t (f)(x) = f(x — \t,xi) and that for f,g<EAwe have the KMS property 
u (f *flO = u(a-i(g) * f). We have the following identity 

(« f (n,a i (/)) = ^((« i (r))^m(/))=^(a_,(/)^a f (/)) 

= w(a_ja,( 9 >a_,(/)) = u(a_^ (g*) * (/)) 
= w(a_« fa* */))=w(<7* */) = (</,/) . 

The property w(a_» (/)) = a;(/) holds for any / G ^4, as previously discussed. In particular 
we have that ||o!i /*|| = ||/||, so it is an antilinear isometry. Since A is dense in % r this operator 
can be extended by continuity to the whole Hilbert space. □ 

We consider the operator J — CJ', where C = iT° as in the commutative case. 

Proposition 37. The operator J is an antilinear isometry on H. Moreover it satisfies the 
following properties: 

1. J 2 = 1. 

2. JV = -A^VJ. 

3. [n(f),Jn(g*)J- 1 ]=0. 

I Jx = -xJ- 

5. [[V,n(f)] a ,Jn{g)J- 1 ] = 0. 
Proof. First we show that J is an antilinear isometry. When acting on a spinor ip we get 



32 



Then the result follows from the previous lemma and the following computation 

2 2 

k=l k=l 
2 



k=\ 

We have the property a z (f)* = otz(f*) f° r / £ A. Then we have J'tp = a_±(ip)* and 
therefore 

(J') 2 V = («_«(«_« W = a«(a_*lfl = • 
Given this property the first condition is proven as in the commutative case 

J 2 = iT°J'iT°J' = (r°) 2 (J') 2 = 1 . 

For the second property recall that the Dirac operator is given by V = T^D^, where D = 
t(1 — e~ AP °) and D 1 = P 1 . Using the properties of the T matrices we obtain JVJ = T^J'D^J', 
as in the commutative case. To compute J'D^J' notice that, for any h G T K , we have 

J'p(h)J'^j = J'p{h)a,_{^*) = (a_ip(ft)ai(f))* . 

But oti commutes with p(h) for any h G T R . Then, using the property of compatibility of 
the representation with the star structure h> a* = (S(h)* > a)*, we obtain 

J'p(h)J'^ = (p(h)4>*)* = (h>i/>*)* = S(h)*>^ = p{S{h)*)^j . 

Finally we can apply this result to = p(-D^) we obtain 

J'D J> = J'jp(l - S)J' = \ P {1 - S- 1 ) = -i p (£->(l -£) = -A" 1 A> , 

J'DiJ' = J'p(Pi)J' = p(~£- l Pi) = -piS-'MPi) = -A" 1 A . 

So we have JT>J = —T^A' 1 !)^ = — A -1 . Multiplying from the right by J and using 
J 2 = 1 we obtain JV = —/\~ l VJ. For the third property notice that 

Jn(f*)J = ir J , 7r(f*)ir°J l = (T ) 2 J'n(f*)J' = J'n(f*)J' . 

Now we show that J'n(f*)J' corresponds to right multiplication by «»(/). We have 

JV(/*)JV = a*(r *a«(inr = 

= a* ('0) * /) — ^ * a i(f) ■ 

Using this result we have that the third property is satisfied, since right multiplication 
commutes with left multiplication. Indeed we have 

= f * ip * a i(g) — f * ip -k a ±(g) = . 
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The proof of Jx — is identical to the classical case. For the fifth property we need 

to use [D, 7r(/)] CT = Y^ir(D^ > /). Then it immediately follows from the previous property that 

[[V, ir(f)] a , Jn{g)J- 1 } = r»[n(D, > f), J^J' 1 ] = . 

The proof is complete. □ 

Several of the requirements for a real structure are trivially satisfied. This is a consequence 
of the fact that the Clifford structure is the same as in the commutative case, that the algebra 
A is involutive and that the representation 7r is by left multiplication. The first order condition 
requires the use of the twisted commutator [X>, 7r(/)] CT , which is indeed the natural choice for 
the case of quantum groups |19] . In our case this condition is automatically satisfied, due 
to the structure of our Dirac operator. Finally we discuss the property involving J and the 
Dirac operator T>. We have shown that for our spectral triple this is given by JT> = /\~ 1 T>J. 
We have seen that, in checking this property, the role of the antipode was crucial. Since the 
antipode of Pi is not trivial, we immediately understand why we can not obtain JT> = T>J. 



7 Conclusions 

The main aim of this paper was the construction of a spectral triple for K-Minkowski space, 
necessary for its description as a non- commutative geometry in the sense of Alain Connes. 
Starting from the algebra A introduced in [9 J , we have constructed a Hilbert space using the 
GNS construction for the weight u, which is invariant under the action of the K-Poincare 
algebra V K . We have shown that u is a KMS weight for the algebra A and determined its 
associated modular operator A. We have introduced an unbounded representation of T K , 
the extended momentum algebra, on the Hilbert space and proven the self-adjointness of its 
generators. We have shown that, under some technical conditions and the requirement of a 
good classical limit, there is a unique Dirac operator T> and a unique automorphism a such 
that the twisted commutator [D, 7r(/)] (J is bounded for all / G A. This Dirac operator is 
strictly related to the first Casimir of the K-Poincare algebra. 

We have shown that this spectral triple is not finitely summable in the usual sense, and 
how this motivates us to use the framework of modular spectral triples. To make use of this 
apparatus we introduced a weight which is fixed by the invariant weight u on the algebra. 
After having discussed some issues arising in the non-compact case and their possible solutions, 
we have shown that the modular spectral triple is finitely summable, and that the spectral 
dimension coincides with the classical dimension. In particular the weight u is recovered as 
the residue at s = 2 of the function $(7r(/)(l + T> 2 )~ s l 2 ). Finally we have discussed the 
introduction of a real structure and shown how the relevant properties are modified. 

The results of this paper should be taken with cautious optimism. Indeed, the framework 
of modular spectral triples is fairly new, in particular its application to the non-compact case. 
With respect to the examples that have been studied so far, this model contains some novel 
elements. This might prove valuable to gain a better understanding of some of the ingredients 
of the modular framework. The generalization to higher dimensions does not seem to pose 
any particular difficulties. A natural question is whether the additional properties of a spin 
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geometry can, in some sense, be satisfied for this model. In particular tools like twisted cyclic 
cohomology are expected to play a role in this case. 
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